Some structure theorems for totally disconnected groups are described. These theorems produce a certain positive integer valued function, called the scale function, on each totally disconnected group. The scale function has properties connected to the structure of the group and can be used to prove some conjectures of Hofmann and Mukherjea.
INTRODUCTION
One of the first facts proved about general locally compact groups is that each such group, G, is an extension
where Go is the connected component of G containing the identity element, e, and G/GQ is a totally disconnected group, see [10, 3, 9] . The study of locally compact groups thus divides into the study of these connected and totally disconnected factors.
A connected group, C, can be 'approximated' by Lie groups in the sense that each neighbourhood of e contains a compact, normal subgroup, K, such that C/K is a connected Lie group. The study of connected groups thus reduces to being essentially just the study of Lie groups. This analysis of the structure of connected groups was stimulated by Hilbert's fifth problem, of which it is the solution, see [8, 9, 6] .
The theory of general totally disconnected groups is much less well developed than that of connected groups. Almost the only progress which has been made is the theorem of van Dantzig, [12] , that each totally disconnected group has a compact, open subgroup, also see [1, 3, 9] . It has not been at all clear what form a detailed structure theory for this class of groups would take and, in consequence, there have been few conjectures made about them. Indeed, it has been the commonly held opinion that there is no structure to be elucidated, for example see [1] , historical note after Chapter III. Hofmann and Mukherjea conjectured, in [5] , that locally compact groups cannot exhibit a certain strange property and, by means of an approximation by Lie groups argument, reduced their conjecture to the totally disconnected case. The results announced here were stimulated by this conjecture and may provide the beginning of a structure theory for totally disconnected groups. They suffice to prove the conjecture of Hofmann and Mukherjea and also another conjecture of Hofmann.
The structure theorems described here imply that there is a special integer valued function on each totally disconnected group. This function will be called the scale function. Much of the content of the theorems can be seen in the properties of this function. It is convenient to describe the scale function and its properties first; then to show how the scale function may be used to prove theorems about totally disconnected groups, including the conjectures of Hofmann and Mukherjea; and finally to state the structure theorems and explain how they produce the scale function.
THE SCALE FUNCTION
The scale function is a continuous function, s, defined on each totally disconnected group, G, and taking positive integer values. It has the following properties. Although, according to the theorem of van Dantzig, every totally disconnected group has a compact, open subgroup, they do not in general have compact, open, normal subgroups. An example which does not is the semidirect product group H X a Z, where H = {h = (h n ) n€Z : h n = 0 whenever -n is sufficiently large } and oi(h) n = /i n +i. It follows from I that, if a group G does have a compact, open, normal subgroup, then s = 1. The converse fails however: it is not difficult to construct groups with s = 1 but which do not have such normal subgroups.
II.
For each
It follows that, if s(a;) ^ 1, then x cannot have roots of arbitrarily high order. Thus the scale function carries information about the existence of roots in the group. This observation provides a contrast with the theory of connected groups, as one of the key steps in that theory is to find group elements which are infinitely divisible.
The scale function is not multiplicative in general but it is closely related to a well known multiplicative function.
III.
For each x in G, A(x) = s(a;)s(a;~1)~1, where
That the modular function on a totally disconnected group takes only rational values does not appear to be widely known even though it can be seen directly, that at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0004972700014325 [3] Totally disconnected groups 491 is, without recourse to the scale function, by considering the conjugates of an arbitrary compact, open subgroup.
IV. For each isomorphism, a : G -» E of totally disconnected groups and each x in G, s(ct(x)) = s(x).

THE CONJECTURES OF HOFMANN AND MUKHERJEA
Hofmann and Mukherjea define a locally compact group to be strange if it is not compact and contains 
n = l
This property arises in connection with a problem to do with the convolution powers of probability measures on G.
They show, in [5] , that there are no strange connected groups. An important step in the proof is to use properties (ii) and (iii) to show that, in any complex representation 7r of G, the spectrum of ir(h) is contained in the unit circle for every h in Hi. Property (i) and a Lie group argument are then used to complete the proof.
In a joint paper with Rosenblatt, [11] , it is shown that there are no strange totally disconnected groups. An important step in that proof is to use properties (ii) and (iii) to show that the scale function is identically 1 on Hi. Properties of the scale function are then used, together with (i), to complete the proof. This suffices to prove the conjecture of Hofmann and Mukherjea. The scale function can also be used to answer another question of Hofmann. The question concerns the periodic elements in a group, where x in G is said to be periodic if the closed group it generates is compact. The set of all periodic elements in G is denoted P{G), see [7] . Hofmann asks, in [4] , whether every totally disconnected group G such that P[G) is dense in G in fact has P(G) equal to G. (In the case of connected groups the answer is 'no' because the set of rotations and reflections is dense in the group of Euclidean motions of the plane. That translations can be approximated by rotations, which is what this amounts to, is attributed by Bourbaki to Descartes, [2], historical note to Chapter I.)
In the case of totally disconnected groups the answer is 'yes'.
THEOREM 2 . Let G be a totally disconnected group. Then P(G) is a closed subset of G.
PROOF: Let x be periodic and denote the closed subgroup x generates by (x)~. Then, since (x}~ is compact and s is continuous, s is bounded on (x)~. By II, s is also multiplicative on {x)~ , and so s(a:) = 1. Now let y be in the closure of P(G). Then, since s is continuous, s(y) -1 = s^" 1 ) . Property I of the scale function now implies that y normalises some compact, open subgroup U. Since the set Uy is an open neighbourhood of y, there is x, periodic, in Uy. Clearly, x also normalises U and so the group generated by x and U is just U(x)~ , which is compact. This group contains the group generated by y. Therefore y is periodic. D
Here is another immediate consequence of the properties of the scale function, [13] . Property IV of the scale function implies that it is an isomorphism invariant for totally disconnected groups. Therefore it can be used to distinguish between groups. For example, the values taken by the scale function on the automorphism group of the homogeneous tree of degree n + 1 are computed in [13] . It is shown that an element x is periodic if and only if s(x) -1 and that, otherwise, s(z) = n* where k is the highest order of the roots of x. This provides a simple proof that the different automorphism groups are not isomorphic.
STRUCTURE THEOREMS AND PROOF OF EXISTENCE OF THE SCALE FUNCTION
The existence of a continuous, integer valued function with the properties I -IV follows from three structure theorems for totally disconnected groups. The first of these is a refinement of the theorem of van Dantzig. For each x in G it produces some compact, open subgroups which are well behaved under conjugation by x. 
Totally disconnected groupsexample H x a Z mentioned above, the subgroup Ha = {{h n ) £ H : h n = 0 if n < 0} is tidy for (0,1). In both of these examples the same subgroup is in fact tidy for every group element but in general the tidy subgroups vary with the element x. That U x n K+x~n is a subgroup of G follows immediately from its definition, the content of (ii) is that it is closed. For an illustration of what tidiness means, consider the group K x a Z where K = {k = (k n ) ne2i : k n £ Z2} is a compact infinite product group and a(k) n = k n +\. K is a compact, open, normal subgroup and so is tidy for (0,1). On the other hand, the subgroup V = {k £ K : k-i -0 = fcj} is not tidy because, using the notation of the theorem with U replaced by V, K+ = {k £ K : k n = 0 for Jf e ^ 1} and K-= {k £ K : A key step in the proof of this theorem is to show that the intersection of two tidy subgroups is tidy. The index [xK+x~1 : K+] is just the factor by which conjugation by x scales up K+ and the value of the scale function at x is defined to be this uniquely determined index. Thus, in the example H X a Z, s((0,1)) = 2 and s((0, -1)) = 1.
All properties of the scale function, apart from its continuity, follow from this definition and Theorems 1 and 2. The continuity of s follows from the next theorem. 
